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Abstract 
In this work the numerical modeling of the time harmonic problems in acoustics using boundary element method (BEM) is 
studied. The different computational techniques and methods for the solution of acoustic problems are reviewed. The formulation 
of some of the conventional BEM techniques is presented. The mathematical formulation and numerical implementation of 
Fourier Spectral BEM (FSBEM) and Fourier-Hankel Spectral BEM (FHSBEM) is presented for 2D problems. The numerical 
implementation of the conventional C-1 and linear C0 BEM formulations and FSBEM/FHSBEM is carried out by developing 
MATLAB codes. The verification of the numerical implementation of C-1 and linear C0 BEM formulations is carried out by 
comparing with analytical solutions and FEM. The comparison of FSBEM and FHSBEM is carried out with C-1 and linear C0 
BEM formulations. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
Keywords: Boundary Element; Fourier Spectral; 
1. Introduction 
The study of acoustics constitutes an important area in the thermomechanics of continuous media dealing with the 
generation, propagation and reception of small disturbances in fluid media. The general partial differential equation 
(PDE), in acoustics, developed from the thermomechanical considerations can deal with non-linear motions, non-
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linear and non-homogeneous media, flows, various types of acoustic sources, and the dissipation of sound waves due 
to processes related to viscosity, thermal conduction and molecular relaxation [1]. However, in applications of 
acoustics this equation can be reduced to obtain the Helmholtz equation governing the propagation of small time 
harmonic disturbances through homogeneous, inviscid, isotropic, compressible fluid. The factors such as geometric, 
material, dynamic and/or kinematic complexity or the wavelength being comparable to the source dimensions, lead 
to difficulties in the development of analytical solutions[2]. Thus, the numerical modeling is widely adopted in 
engineering applications.  
There are several different methods and techniques used in the solution of acoustic problems. The finite 
difference method (FDM) is one of the fundamental methods to obtain the numerical solution of problems governed 
by linear elliptic PDEs. The main practical problem with FDM is its application to sound fields in volumes of 
arbitrary geometry and its sensitivity to local errors of field representation. Some of the other techniques which are 
of interest in recent times are Finite Element Methods (FEM), Boundary Element Method (BEM), Multipole 
methods, Statistical Energy Analysis (SEA), Residual Free Bubble Method, Discontinuous Enrichment Method 
(DEM), Discontinuous Galerkin Method (DGM), Partion of Unity Finite Element Method (PUFEM), Equivalent 
Source Method/Method of Fundamental Solutions (MFS)/Boundary Knot Method, Ultra Weak Variational 
Formulation (UWVF), Hybrid Trefftz Finite Element Method (HTFEM), Variational Theory of Complex Rays 
(VTCR), and Wave Based Methods (WBM). The boundary element method has emerged as one of the important 
techniques in computational acoustics. 
The theoretical and mathematical foundation of BEM can be traced back to the 18th century with the contributions 
of mathematicians like Laplace, Green, Fredholm, Fourier, Kellog and Betti. However it was only after the advent of 
computers that the extensive growth of BEM occurred. Several comprehensive reviews and texts on BEM have 
documented various theoretical bases and its early development [3,4,5]. The approximation of field variables is an 
important consideration in the BEM formulation [6]. 
There are over 40 BEM variants and formulations which have been developed [3]. The ‘direct’ and ‘indirect’ 
formulations are the two most fundamental formulations applied in BEM. Some of the other important formulations 
are Collocation BEM, Galerkin BEM, Dual Reciprocity BEM, Multiple Reciprocity BEM, and Fourier BEM. In 
order to overcome uniqueness and existence issues in exterior problems, improved formulations have been 
developed.  
The nodal collocation is not employed in indirect BEM, since there are difficulties in evaluating the hypersingular 
integrals. The collocation BEM often produces results with poor convergence and it is unlikely to employ this 
technique on bodies with edges as it display a strong singularity at the corner points. Also, the collocation BEM 
produces matrices which are fully populated and not symmetric. In direct linear (C0) BEM, the field variables are 
approximated using linear iso-parametric shape functions. Another approach implemented in BEM discretization 
procedure using one of the weighted residual techniques called Galerkin method, formed a new variant – Galerkin 
Boundary Element Method (GBEM). Compared to collocation approach, Galerkin approach shows its potential in 
solving boundary value problems in terms of singular and hypersingular integral equations and is superior than the 
collocation approach for obtaining more accurate results. The Galerkin formulation is more complicated and 
significantly slower technique compared to collocation. The Galerkin method which concentrates on the evaluation 
of double integrals has its advantage by offering treatment to the hypersingular integrals with standard continuous 
elements – constant, linear, quadratic or higher order elements. Hence, the capability in solving the hypersingular 
equations is proven to be advantageous for the Galerkin approach. This is useful in problems of crack analysis where 
the singular integral equation alone provides insufficient information.  
In this work, the numerical modeling of the time harmonic problems in acoustics using BEM is studied. The 
different computational techniques and methods for the solution of acoustic problems are reviewed. The formulation 
of some of the conventional BEM techniques is presented. The mathematical formulation and numerical 
implementation of Fourier Spectral BEM (FSBEM) and Fourier-Hankel Spectral BEM (FHSBEM) is presented for 
2D problems. The numerical implementation of the conventional C-1 and linear C0 BEM formulations and 
FSBEM/FHSBEM is carried out by developing MATLAB codes. The verification of the numerical implementation 
of C-1 and linear C0 BEM formulations is carried out by comparing with analytical solutions and FEM. The 
verification and comparison of FSBEM and FHSBEM is carried out with C-1 and linear C0 BEM formulations. 
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Nomenclature 
u(r) potential radius of  
q(r)  flux or normal gradient  
Γ Boundary surface 
Ω Domain 
[G] Influence matrix 
[H] Influence matrix 
2. Mathematical Formulation 
The governing PDE in acoustics is the acoustic wave equation. The governing equation in acoustics can be also 
represented in the integral form. The integral representation for time harmonic problems of the scalar wave equation 
is given by the Kirchoff-Helmholtz Integral Equation (KHIE). The KHIE can be obtained from the Helmholtz 
equation using the Green’s theorem.  
The free space Green’s function is obtained as the solution of the Helmholtz PDE with the right hand side as a 
point concentrated source. The boundary integral equation, after substitution of the fact that the Helmholtz operator 
acting on the Green’s function yields –δ(r-r0),  is valid for any point within the domain Ω. It is extended to Rn using 
the theory of distributions. According to the theory of distributions, the boundary integral equation is extended from 
Ω to Rn using the cut-off distribution χ(r0). Thus, the boundary integral valid in Rn is given by, 
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Where χ(r0)= {κ(r0) when r0 belongs to Γ, 1 when r0 belongs to Ω, 0 when r0 belongs to Ω’}. The value of κ(r0)  
depends on the shape of the boundary. In the case the shape is ‘smooth’, i.e there exists a unique tangent to the 
boundary at r0, κ(r0) is equal to 1/2. Thus in most texts, the boundary integral equation is written with the coefficient 
of u(r0)as 1/2. In two dimensional problems when a unique tangent at the boundary does not exist, the value of κ(r0) 
is defined as θ0/2π  where θ0 is the included angle between the tangents measured inside the domain. In two 
dimensional problems, the free space Green’s function is given by G(r,r0)=(i/4)H0(1)(k|r-r0|).  
 
2.1. Fourier Spectral Boundary Element Formulation 
The boundary integral equation (2) is discretized by dividing the boundary into N boundary segments Γj. In the 
present case, the boundary segment Γj is a line representing the ‘j’ element between the nodes whose position 
vectors are rj1 and rj2. The position vector rj of a point on the element ‘j’ is interpolated from the nodal position 
vectors rj1 and rj2 using the shape functions. The normal derivative or flux is represented by qj.  
In the Fourier spectral boundary element method, the spectral approximation of the potential u(r) in space is 
carried out using the Fourier bases of the form eikr and e-ikr. This representation is also the complete solution of the 
governing differential equation i.e., Helmholtz equation, consisting of the forward and backward propagating waves. 
Thus, the spectral approximation of the potential applied in the equation (2) is given by, 
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It is assumed that each source is uniformly radiating in all directions. Thus, the nodal potentials of element j are 
expressed in matrix form as, 
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The matrix [T1] is symmetric but not self-adjoint or Hermitian. By substituting the coefficients vector in equation 
(3) using equation (2), the potential at any point on the element ‘j’ can be expressed in terms of the nodal potentials 
as, 
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The flux at any point on the element j is assumed to vary in a fashion similar to the potential. Substituting in the 
equation (1), the collocation boundary integral equation with the Fourier spectral field variable approximation is 
obtained. 
The assembly of influence matrix [HF] is carried out as HF(i,j)=h1F(i,j)+h2F(i,j-1). The influence matrix [GF] is left 
unassembled to enable the treatment of corners. Thus, the final linear system is obtained as, 
^ ` ^ `qFGuFH »¼º«¬ª »¼º«¬ª    (5) 
The linear system is rearranged as per the boundary conditions and solved to obtain the unknown potentials and 
fluxes. 
2.2. Fourier-Hankel Spectral Boundary Element Formulation 
In the Fourier-Hankel spectral formulation the potential is approximated as, 
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Thus, the nodal potentials of element ‘j’ are expressed in matrix form as, 
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The further development is carried out in a similar fashion to the Fourier spectral formulation described above 
which yields the linear system as,  
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^ ` ^ `qHGuHH »¼º«¬ª »¼º«¬ª    (8) 
The linear system is rearranged as per the boundary conditions and solved to obtain the unknown potentials and 
fluxes. 
3. Numerical Examples 
In order to compare the numerical BEM procedures and demonstrate the range of application, three different 
problems are studied: 
x 2D rectangular domain 
x 2D stepped rectangular domain 
x 2D rectangular domain with a hole 
Figure 1a shows the schematic representation of the 2D rectangular domain example. The 2D Helmholtz equation 
is solved for the rectangular domain of length (L) equal to 1 m and breadth (b) equal to 0.1 m.  
 
 
Fig. 1. Schematic representation of a 2D numerical examples. 
Figure 1b shows the schematic representation of the stepped rectangular domain considered. The domain 
resembles the cross section of an expansion chamber generally used in mufflers and other applications which need 
an acoustic filter. The dimensions of the domain are l1=l3=0.25, l2=0.5, h1=0.1, and h2=0.3.   
Figure 1c shows the schematic representation of the rectangular domain with a hole. The length of the rectangular 
domain is 1m and width is 0.1m. The radius of the circular hole is 0.025m. The boundary conditions on the different 
line segments are also shown in Figure 1. 
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4. Numerical Implementation 
The rectangular domain example is numerically modeled using FEM, direct C-1 collocation BEM, direct C0 
collocation BEM with linear elements, and FSBEM. The FEM model is developed in ANSYS consisting of the 
rectangular domain of dimensions 1 m X 0.1 m and discretized. The rectangular domain is divided into 500 elements 
of the first order. The domain is assumed to be occupied by a fluid. Further the fluid is assumed to be air with 
acoustic properties of sonic velocity as 330 m/s and density as 1.225 Kg/m3. The boundary conditions defined in the 
FE model are identical to those mentioned in section 3. 
The direct C-1 collocation BEM, direct C0 collocation BEM, FSBEM and FHSBEM formulation are implemented 
using MATLAB codes. The boundary of the rectangular domain is discretized using 40 (NX=10,NY=10), 80 
(NX=30,NY=10), and N=120 (NX=50, NY=10) elements. The numerical integration is carried out using 4-point, 6-
point, and 12-point Gaussian integration scheme. The simulations are conducted considering different wave 
numbers k=1.25, 12.5, and 25.13.  
The stepped rectangular domain is modeled using direct C0 collocation BEM with linear elements, FSBEM and 
FHSBEM. The boundary is discretized using N= 120 and 360 elements. The numerical integration is carried out 
using a 12-point gauss scheme and the simulations are carried out for different wave numbers (k=1.25, 12.5, 25.13). 
The rectangular domain with a hole is numerically modeled using direct C0 collocation BEM with linear elements 
and FSBEM. In the case of linear collocation BEM, the boundary of the rectangular domain is discretized using 80 
elements and the hole was discretized using 20 elements. In FSBEM, the boundary of the rectangular domain is 
discretized using 40 elements and the hole is discretized using 10 elements. The numerical integration is carried out 
using a 12-point gauss scheme and the simulations are carried out for different wave numbers (k=1.25, 12.5, 25.13). 
5. Results and Discussion 
The results of potential along the major dimension of the rectangular domain in C-1 collocation BEM for the 
rectangular domain example was compared with analytical solutions and FEM. It was found that the developed 
MATLAB BE code showed a very close agreement with the analytical and FE results for both k=1.25 and k=25.13. 
The results for the rectangular domain example using the C-1 collocation BEM with 4-point, 6-point and 12-point 
Gauss scheme were compared with analytical solutions. The results showed that the error reduced by 23% with the 
increase in the number of gauss points from 4 to 12. Thus, a 12 point gauss scheme was used in further simulations. 
The results were obtained using C-1 collocation BEM for the rectangular domain example with different number of 
elements N=40, 80 and 120 elements for the wavenumber k = 12.5 and by using a 12 point Gaussian quadrature. It 
was observed that the reduction in error with increase in number of elements is non-linear. There was a large 
reduction in error when N was increased from 40 to 80 elements. However, there was a relatively small change 
when N was increased from 80 to 120 elements. The results of linear C0 collocation BEM formulation for the 
rectangular domain with different number of elements N=10, 30 and 50 for a wavenumber k = 12.5 by using a 12 
point Gaussian quadrature showed the trend similar to C-1 collocation BEM. It was observed that similar to the 
constant elements, the reduction in error for linear elements with increase in number of elements is non-linear.  
Figure 2(a) shows the comparison of the absolute error results of constant, linear and Fourier spectral elements 
with the analytical solution for the example of the rectangular domain. The computations are carried out for the 
wavenumber k = 12.5, using number of elements N=40 and a 12 point Gaussian quadrature scheme. It is observed 
that, for the same number of elements, the errors with spectral elements is significantly smaller than linear and 
constant elements. 
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 (a)   
(b)  
Fig. 2. Comparison of C-1 BEM, and C0 BEM with linear elements with (a)FSBEM and (b) FSHBEM for k=12.5. 
Figure 2(b) shows the comparison of the results of constant, linear and Fourier-Hankel spectral elements with the 
analytical solution for the example of the rectangular domain. The computations are carried out for a wavenumber k 
= 12.5, using number of elements N=40 and a 12 point Gaussian quadrature scheme. The results indicate that the 
error in FHSBEM is comparable to linear BEM. However, at the corner point of the rectangular domain, the error in 
FHSBEM is much lower than that observed in linear BEM.    
The Figure 3 shows the comparison between FSBEM, FHSBEM and linear BEM for the stepped rectangular 
domain. The computations were carried out with N=360 elements for linear BEM and N=60 elements for FSBEM 
and FHSBEM. The 12-point Gaussian integration and wavenumber k=12.5 was used. It is seen that results of 
FSBEM closely agree with linear BEM while the error is larger with FHSBEM.  
  
Fig. 3. Comparison of FSBEM, FHSBEM and C0 BEM with linear elements for stepped rectangular domain and k=12.5. 
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The Figure 4 shows the comparison of potentials obtained using FSBEM and linear BEM for the rectangular domain 
with hole. The Figure 4(a) shows the variation of potentials along the length of the rectangular domain and Figure 
4(b) shows the variation of potentials along the circumference of the hole. The computations were carried out with 
N=360 elements for linear BEM and N=60 elements for FSBEM. The 12-point Gaussian integration and 
wavenumber k=12.5 was used. The results indicate that the relative advantage FSBEM over linear BEM is 
diminished when considering complex geometries.    
 
 
Fig. 4. Comparison of FSBEM and C0 BEM with linear elements for rectangular domain with hole and k=12.5. 
6. Conclusions 
The Helmholtz equation has important applications in acoustics as it is obtained as the equation governing the 
propagation of small time harmonic disturbances through homogeneous, inviscid, isotropic, compressible fluid. The 
Helmholtz equation is expressed in the integral form as Kirchoff-Helmholtz Integral Equation (KHIE). The 
boundary element method (BEM) has emerged as one of the important techniques in computational acoustics. In this 
work the numerical modeling of the time harmonic problems in acoustics using boundary element method (BEM) is 
studied for 2D interior problems. The approximation of field variables is an important aspect in the development of 
boundary element method. The numerical implementation of the conventional C-1 and linear C0 BEM formulations is 
carried out by developing MATLAB code. The verification of the numerical implementation of C-1 and linear C0 
BEM formulations is carried out by comparing with analytical solutions and FEM. The Fourier Spectral BEM 
(FSBEM) and Fourier-Hankel Spectral BEM (FHSBEM) is presented where the Fourier and Hankel basis functions 
are adopted for the approximation of field variables. The FSBEM and FHSBEM results are compared with C-1 and 
linear C0 BEM formulations. 
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